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Figure 1: Our method computes a point-to-point map and its inverse between a pair of shapes (left). Using the map, we transfer a texture
from the source shape to the target, and we show the geodesic error obtained with our map, where white is no error and red is maximum error.
In addition, we compose the map with its inverse, and use it to push a texture from the source shape to itself (right), obtaining accurately

matched shapes, except for a negligible subset of points.

Abstract

We propose a new method for computing accurate point-to-point mappings between a pair of triangle meshes given imperfect
initial correspondences. Unlike the majority of existing techniques, we optimize for a map while leveraging information from
the inverse map, yielding results which are highly consistent with respect to composition of mappings. Remarkably, our method
considers only a linear number of candidate points on the target shape, allowing us to work directly with high resolution
meshes, and to avoid a delicate and possibly error-prone up-sampling procedure. Key to this dimensionality reduction is a
novel candidate selection process, where the mapped points drift over the target shape, finalizing their location based on
intrinsic distortion measures. Overall, we arrive at an iterative scheme where at each step we optimize for the map and its
inverse by solving two relaxed Quadratic Assignment Problems using off-the-shelf optimization tools. We provide quantitative
and qualitative comparison of our method with several existing techniques, and show that it provides a powerful matching tool

when accurate and consistent correspondences are required.

1. Introduction

Estimating correspondences between three-dimensional (3D)
shapes is an essential building block in many algorithms related
to shape interpolation, deformation transfer and shape retrieval, to
name a few. Different approaches usually focus either on pairs of
shapes, or consider whole collections. The generated maps differ
by their density (sparse vs. dense), accuracy, and consistency, i.e.,
whether compositions of maps along cycles lead to the identity
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mapping. Often, correspondences between shape pairs are dense,
less consistent and of moderate accuracy, whereas maps computed
for shape collections are sparse, more consistent and of higher ac-
curacy. In this work, we propose a novel mapping method for pairs
of shapes, which utilizes the Quadratic Assignment Problem (QAP)
formulation. It is solved using an efficient splitting method, yield-
ing dense, accurate and approximately consistent correspondences.

To date, the majority of matching techniques designed for pairs
of shapes concentrate on obtaining the map, but do not exploit or
estimate its inverse. In practice, re-running the algorithm with ex-
changed roles for the source and target shapes will produce the
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inverse map. However, high consistency is difficult to achieve,
since the mappings are computed independently. Notable excep-
tions propose simultaneous optimization of low-dimensional ma-
trices which represent the map and its inverse ([ERGB16], among
others). Unfortunately, recovering dense maps in this setup is a
challenging task in itself. Approaches guaranteeing bijective maps
are also available and are based on compatible parametrization of
shapes (e.g., [AL16]), or kernel density estimation directly in the
space of permutation matrices [VLR*17]. We opt to relax the bi-
jectivity constraint, and perform joint optimization for the map and
its inverse. Furthermore, since we directly solve for dense maps, a
map recovery step is not needed.

Computing maps in shape collections was proven useful in
Nguyen et al. [NBCW™11] and following work. In particular, a re-
quirement that compositions along cycles approximate the identity
map strongly regularizes the problem, allowing to improve a given
set of initial maps. However, the resulting minimization presents
difficult computational challenges which can be mitigated by gen-
erating sparse correspondences [HG13], or by aligning reduced
functional spaces [HWG14]. Nevertheless, these methods require
some post-processing to produce dense maps. In contrast, we match
a pair of shapes while promoting cycle-consistency for point-to-
point correspondences. The information stored in the map and its
inverse allows us to obtain good results on benchmark data, without
the extra knowledge a complete collection provides.

‘We pose our consistent mapping method as a Coupled Quadratic
Assignment Problem with a cycle-consistency constraint, replacing
the usual bijectivity requirement. There are two main challenges
in converting this methodology into a practical solution. First, this
high-dimensional problem is computationally prohibitive even for
estimating a one-directional map, let alone solving for the map and
its inverse simultaneously. Second, efficient minimization is diffi-
cult, as these problems are NP-hard in general. To tackle the first
difficulty, we propose an iterative splitting scheme, where we solve
for each mapping direction separately while exploiting information
stored in the maps from the previous iteration. In addition, we limit
each point to improve its mapped location, considering a small sub-
set of new candidate points. Finally, we further relax the obtained
optimization tasks to linear programming problems and employ a
state-of-the-art algorithm based on tree-reweighted message pass-
ing (TRW) [Kol06] to arrive at an effective mapping framework.

In this paper, we suggest an effective methodology for producing
approximately consistent point-to-point mappings between pairs of
shapes, whose accuracy significantly exceeds current state-of-the-
art results. Our method does not assume anything about the spatial
embedding of the shapes, it is not restricted to isometric surfaces
and it is easy to implement and solve using available minimiza-
tion tools. In general, our approach provides an efficient solution
when high-quality correspondences are required, at the cost of re-
laxing the exact bijectivity constraint, while producing good map
consistency. We evaluate the proposed method on a few benchmark
datasets, and demonstrate the advantages of our approach for com-
puting shape correspondences using several quantitative and quali-
tative error measures.

2. Related Work

The problem of computing mapping between surfaces has been ex-
tensively studied, and thus we refer the reader to recent surveys for
a thorough review of previous geometry-based [VKZHCO11] and
data driven [XKH"16] approaches. Here, we focus our attention
on the main different methodologies for shape matching, where we
classify existing work based on their required input, as well as their
accuracy and cycle-consistency or bijectivity features.

Distortion minimization. A common approach for generating
maps between surfaces is via minimizing the distortion they pro-
duce, which can be estimated using pointwise surface descriptors,
such as the Heat Kernel Signature [SOGO09], pairwise measures,
such as geodesic distance differences [BBKO06], or a combination
of the two [DK10]. One well-known approach utilizing this idea
is Blended Intrinsic Maps (BIM) [KLF11], where a collection of
maps are blended together with a set of weights, optimized to pro-
duce minimal distortion smooth maps. The distortion measures can
be further plugged into an integer quadratic programming prob-
lem with bijectivity constraints known as the Quadratic Assignment
Problem (QAP) [KB57].

Unfortunately, directly solving QAP is feasible only for a very
small number of variables [LAABN*07]. To deal with the in-
herent computational challenges, various relaxations have been
proposed in the literature, including spectral techniques [LHOS,
ADKI16], continuous quadratic optimization [BBKO06], linear pro-
gramming [RBA*12], and semidefinite programming [KKBL15].
Other works [VLR*17,CK15] employ discrete optimization relax-
ations, allowing to match a sparse or moderately size set of fea-
ture points. However, to extend their correspondences to a complete
map, some up-sampling procedure is required. Thus, several multi-
resolution approaches [SY11,RDK12] were suggested to alleviate
this issue, producing dense point-to-point maps. Our approach can
be also interpreted as a variant of QAP, but, as opposed to other
techniques, we completely avoid the potentially problematic multi-
resolution methodology.

Embedding into an intermediate domain. An alternative line of
work for computing correspondences embeds the input shapes into
a joint intermediate domain, where the mapping can be computed
more efficiently. Examples of this approach consider domains such
as a high dimensional Euclidean space [EK03], the space spanned
by a reduced eigendecomposition of the Laplacian [MHK™*08], the
complex plane [LF09], or a hyperbolic orbifold [AL16]. In the lat-
ter work, the resulting mappings are smooth and guaranteed to be
cycle-consistent across a collection, showing outstanding results
in practice on challenging data. However, their method requires a
small subset of manually selected feature landmarks, limiting its
applicability and affecting its overall behavior.

Generalized maps. Instead of encoding mappings as point-to-
point correspondences, [OBCS*12] proposed to align surfaces
via their functional spaces. The resulting Functional Maps are
real-valued matrices from which a dense map can be extracted
[OCB*17]. In a related work, Shtern and Kimmel [SK14] of-
fered an automatic iterative algorithm to significantly improve
noisy or sparse input maps, by aligning the spectral kernels of
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the shapes. Finally, [SPKS16] introduces a generalized notion of
a mapping through minimization of the Gromov—Wasserstein dis-
tance, matching probability distributions across shapes.

Consistent correspondences. When a whole collection of shapes
is given, [NBCW*11] observed that maintaining cycle-consistency
within the collection is advantageous to the matching process.
However, while a few methods offered dense outputs (e.g.,
[HZG*12]), most existing techniques produce sparse matchings.
Other methods focused on optimizing the functional map and its
inverse while promoting cycle-consistency using functional map
composition [ERGB16, RO18] or an adjoint operator [HO17].
However, in this setup, extracting a dense map is challenging as
the maps are encoded as low dimensional matrices. In comparison,
our method directly optimizes for a dense map and thus we avoid
the error prone task of map recovery from a given functional map.
Recently, [ESBC19] proposed an optimization framework which is
similar in nature to ours, solving jointly for the correspondence and
its inverse. Their approach is intrinsic to the shape as our method,
but they utilize a different energy functional and obtain a global op-
timization problem, whereas ours is local. Finally, Windheuser et
al. [WSSC11] also include the inverse map in their linear program-
ming relaxation. However, they facilitate only unary terms based
on the bending energy, whereas our method utilizes both unary and
pairwise terms.

Learning approaches. Recently, several learning approaches have
emerged, employing random forests [RRBW*14], graph-based
neural networks [LRR*17] and fully connected ResNets [RO18].
These methods require a training set of matched shapes to perform
learning, whereas our approach does not require any training data.

3. Overview and Background

Our goal is to estimate high quality correspondences between a
given pair of shapes, M| and M,. We denote by ;; a discrete
point-to-point map, associating every point in M with a point in
M, and similarly, i, : My ¥ M. As discrete shapes are often
represented with thousands of points, applying exhaustive search
approaches is impractical due to the factorial number of possible
matchings. One way to deal with the huge amount of possibilities is
through a definition of an optimization problem whose minimizer is
as close as possible to the correct map we expect to obtain. A com-
mon choice in this context is the Quadratic Assignment Problem
(QAP) [KB57], which is a special quadratic programming problem
with the challenging bijectivity and binary variables constraints. In
Section 4, we describe how to extend the standard QAP to the case
of estimating coupled correspondences.

Similar to QAP, our formulation also involves binary constraints,
and thus is hard to solve in practice. Moreover, while the QAP
point-of-view regularizes the space of solutions, dimensionality re-
mains a challenge, hindering the construction of an efficient algo-
rithm. To cope with these difficulties, in Section 5 we present a
novel method to solve our coupled mapping problem. Specifically,
we suggest to split the global coupled optimization to two simpler
sub-problems of computing one-sided mappings while exploiting
information encoded in the inverse map. In Fig. 2, we compare the
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results of our method, highlighting the benefits of using the data
from the inverse map vs. discarding it. Our splitting scheme leads
to an iterative process where at each step we solve two modified
QAPs. In addition, we construct the matrix components of each
QAP such that only a linear amount of its entries are effective in
the optimization. Combined together, we arrive at a formulation
that naturally lends itself to efficient and provably convergent lin-
ear relaxation techniques, which we solve using standard tools.

4. Coupled Quadratic Assignment Problem

In what follows, we formulate our coupled mapping approach as a
generalization of the Quadratic Assignment Problem, considering
the map and its inverse as separate variables while expressing the
bijectivity constraint as a cycle-consistency requirement (Subsec-
tion 4.1). We then describe the particular formulations we used for
the unary and pairwise terms of our Coupled QAP (CQAP) (Sub-
section 4.2).

4.1. Problem formulation

We assume to be given two shapes represented by triangle meshes,
M| and M3, each given by a uniform sampling of n points from

Figure 2: The inverse map is beneficial to the matching task. We
map the woman (left, middle) to the man (right) using our method,
without the inverse map (left) and with it (middle). The obtained
correspondences allow us to transfer a texture from the target shape
to the source shapes, where parts, invisible from the camera’s view-
point, are omitted [APLI14]. Indeed, without the information stored
in the inverse map, the result is of overall poor quality, with many
points (see the stomach and face) being incorrectly mapped. In con-
trast, our result (middle) shows a much better accuracy and suc-
ceeds in recovering most of the mismatched points.



